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"RADIONUCLIDE ADSORPTION UPON CONVECTIVE
AND DIFFUSIONAL MIGRATION IN DISPERSE MEDIA

O. P. Dolinkina, P. M. Kolesnikov, and UDC 531.1:532.2:550.378
A. P. Yakushev

Eguations and boundary and initial conditions of radionuclide transfer in disperse media are formulated
taking into account diffusion, radioactive decay, adsorption, and convective transfer. Particular solutions
of the system of equations under consideration are obtained in the case of linear Henry sorption isotherm
and at constant diffusion coefficients and flow velocity. The problems are extended to the case of linear and
inhomogeneous media for given sorption equations and transfer coefficients.

We consider the mathematical model of radionuclide migration in the presence of equilibrium and
nonequalibrium isothermal adsorption and convective diffusion processes that are described by the diffusion
equation

ac; (1)

—a-?’ + v-grad ¢; = div (D; grad ¢p) + I,,,.

The kinetics of the adsorption process is determined by the nonequilibrium sorption (desorption) equation

da
o4 _ ; 2
o fla,c), <()
In this case the mass source equals I, = da/9f + I Thus, in order to study diffusion with due regard for
adsorption one should solve simultaneously the diffusion equation

%

. da
Y + v-grad ¢; = div (D; grad ¢;) — =5 + Iy ®)

ot
and the Eq. (2).

It is known from experiments that sorption and desorption curves do not coincide with each other, and the
so-called hysteresis takes place [1]. The phenomenon of hysteresis in sorption and desorption processes leads to
both processes proceeeding under nonequilibrium conditions. In the equilibrium case the right-hand side of (2) is
determined by the sorption isotherm

Y(a,c)=0 or a=f (o). 4)
Expanding, in the nonequilibrium case, the right-hand side of the equation into a Taylor series in a and c variables,
we obtain
00 ,
%qt" = ) zoBin alcn = BOO -+ Blo alco + BOI CZOCI + Bll alcl 4+ ... (5)
L,n=

'Retaining only linear terms in this expansion, we write the kinetic equation in the following form:
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The coefficients of the expansion are usually determined from approximation of experimental data. For
instance, one can take the Henry isotherm
a=vyc. ¢))

as an approximating function. Therefore, relating the right-hand side of the kinetic equation with the Henry
equation, we obtain

oa

i Bc —ya. (®)
This very simple linear kinetic equation describes monomolecular interactions. To take into account the bimolecular
interaction, one should retain quadratic terms in the expansion. In the case of polymolecular interactions, terms of
higher orders should be retained in the Taylor expansion. However, for simplicity we restrict our consideration to
the case of monomolecular interactions. The unknown variables a and c enter into the equation. By setting § =0
in this equation we obtain the relaxational equation

9a _ _ 9
5 =~ v &)

Integration of this equation with the initial condition

leads to
a = ayexp (— yi) . (10)

In addition to the Henry isotherm, other dependences that approximate the equilibrium adsorption isotherm
were established for various sorbents. These approximations are as follows:
the Langmuir isotherm

2= ke 1n
1 + kzc,

at ky - 0 the Langmuir isotherm degenerates into the Henry isotherm;
the Haughton isotherm

a = kO + klc + k2C2; (12)
the Brunauer, Emmet, and Teller isotherm
k
a= 7 ; (13)
(1 - sz) (1 + kaC)
the Freundlich isotherm
a=k", n<l; a4
the Kisarov isotherm
k n
a=—_. (15)
1+ sz

In addition, the other forms of the kinetic equation are known:
the Hister-Wermulen equation
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the Helfferich equation

da
ERAS Ik an
the Verigin equation
9a _ 18
o = ¢ (18)

etc. [1-51.

This variety of approximations of kinetic equations results from the complexity of adsorbent interaction
with the sorbing substances. In what follows, we will mainly use the linear Henry isotherm (7). Sorption dynamics
in the absence of diffusion and external sources was studied based on the transfer equations

d , da ,  dc _ (19)
YR TR i
and
da _ - _ 20
> =v(c—aa), a=1/k. (20)

The solution of this system of equations can be obtained analytically by eliminating one of the variables a and ¢
from the system. This problem was solved by Tikhonov et al. [6] subject to the following conditions:

a(x,0=0; c(x,0=0; c0,?)=c. VA
For a series of nonlinear sorption kinetic equations the system was solved numerically in a number of papers within
the context of problems of ionic exchange [7], gaseous chromatography [3, 8], mixture separation [8], water
recycling [9], etc. The same problems play an important role in the purification of media from radionuclides,

extraction of radionuclide from food, etc.
If D # 0, one should solve the kinetic equation

da

L P 22

5 = Pe—va 22)
with the convective diffusion equation

2
.6_c+<’_a+v£=pﬁ_§_,1c+1(x,t). (23)

ot ot ox ox

For the solution of the system, one should set the initial conditions

t=0: c=p, (x), a=gp,(x), x>0, 24
along with the boundary conditions, which can be chosen in one of the following forms:
1) boundary conditions of the first kind
clp=v1 ()3 (25)
2) boundary conditions of the second kind
DE| =y, (26)

axb

3) boundary conditions of the third kind
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d
ac+,uD;9-§.b=¢3(t); 27

4) boundary conditions with the time derivative

dc dc
ac+pD o+ v | =y, (h). (28)

b

The last of the enumerated boundary conditions includes the linear combination of the sought function
with first derivatives over the coordinate and time, along with all the classical-type boundary conditions of the first,
second, and third kind. By setting 4 =0 and v = 0 we obtain the boundary conditions of the first kind; the boundary
conditions of the second and third kind are obtained by setting correspondingly « = 0 and v = 0. Therefore, we
consider the solution of the system of equations under the boundary condition (28), as well as under different
generalized boundary conditions. We consider two types of generalized boundary conditions proposed presently for
investigation of radionuclide transfer processes.

Radionuclide propagation in the turbulent atmosphere is described by the turbulent diffusion equation [10]

dc i} dc
0z 0z

%%+(va)—¢0——=—- uz£)+V(ch). (29)

In the presence of deposition on the surface and secondary uplift we write the boundary condition at the surface
at z =0 in the form of the mass balance [10]

=% (30)
z=0

uz—a;+wc

and of the variation of the surface concentration cg resulting from the impurity deposition from the atmosphere
vec 1,=0 and the wind pickup agcg:
dcg

—_— =y

v agy. (3

In the absence of the pickup o = 0 the boundary conditions transform into those proposed by A. S. Monin.
The following condition is imposed at the infinity:

when z—> « c,>0. (32)

The initial conditions are as follows:

C(xa}’aZ,t'—'O):cO(x’sz)’ (33)

c(x,y, z, t=0)=csO(x, ¥, z).

This mathematical model for radionuclide transfer in the turbulent atmosphere is considered in [11]. Different
generalizations of the boundary conditions for radionuclide transfer are also possible, e.g., instead of the condition
-(30) we can write

ac
Uy 5 + wc o = ByCs » (39
de, dcg 35)
Tt+y‘fDEc_dx+Q_O' (

The latter boundary condition has the meaning of the variation in the total concentration at the surface due to
diffusional processes and surface sources. If the total accretion does not take place, the condition can be expressed
as follows:
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dc (x) (36)

at

oc (x) _
+yD % =(.

As Eq. (28), this equation contains first derivatives with respect to time and coordinate. The equation can be
rearranged to yield the different kinds of boundary conditions. For instance, by excluding the first time derivative
with the use of the diffusion equation we obtain the boundary conditions in the form of
62c ac
a—+p—+3dc=0. (37)
6x2 9x
The consideration of these generalized boundary conditions dates back to the original works of A. N. Tikhonov,
A. A. Samarskii, et al. It should be noted that A. N. Tikhonov proposed boundary conditions in which the order
of the partial derivatives can be higher than the order of the differential equation itself [6, 12]. Upon separating
variables, the separation constant will enter not only into the equation, but into the generalized boundary conditions
as well. Such problems today are of both theoretical and practical interest [13].
In the case of equilibrium sorption and desorption processes we consider the linear Henry isotherm (7) in
view of which the diffusion equation (1) in a porous medium with porosity m takes the form

dc  da 9 _p9 0 .. _ 38
m(6t+6t)+vax_06xax Ae —yat Ly %)
and is transformed to the following equation:
a(x)§£+v(x)ic-=%—Q—an(x)-a—c-—d(x)c+Im, (39)
ot ox x dx 0x

where n = 0 for a plate, n =1 for a cylinder, and n = 2 for a sphere, the coefficients a(x), v(x), D(x), and d(x) in
the general case are variables determined by functions of the coordinate x, the source I, is a function of the
coordinate x and time ¢ and the initial condition is chosen in the form (24).

We will solve the equation under the classical boundary conditions of the form (25)~(27) using the method
of bounded integral transforms over the eigenfunctions ¥ of the homogeneous equation

Wa@y+v @=L L pu® _ iy (40)

dx x dx dx

under the homogeneous (1)-(3) and nonclassical (4) conditions of the form

@l .
a¢+Ddx =0;

d
Dyly=0; 2) ngél;o; 3 b

(41)

=0,

4) l W +ayy+pY
b

dx

First we consider the solution of (39) with constant coefficients « = 1; v = vy, D = Dy, and a = A, and with
the boundary conditions (41).

As an example, we present the solution of the first boundary-value problem for (39) with the conditions
(24), (25) for volume and surface radionuclide sources: I = Igexp (—kf), ¥1 = yipoexp (—mi), 3 =
Y20 exp (—mi), Y2 = ¥ao exp (—nf). The eigenfunctions of Eq. (40) are the solutions of the equation

(42)

and take the form

X (x) = exp (43)

Y0¥ A + A, si
_— coSs px sin px | ,
2D, [ 1 2 }
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where p2 = /LZ - V(2)/ 4D(2); A and A, are the integration constants. In view of the boundary conditions of the first
boundary value problem, the eigenfunctions are as follows:

Vo X

X, (x) = exp (EOB,; = . (44)

sin—l—x, n=1,2,.

and their spectrum and norm are

2 2
ﬂ2=_¥7+[ﬂ], n=1,2,..; Ix,01%=12. (4)

The solution of the nonhomogeneous boundary-value problem in this case is constructed using the bounded
integral transform

n (46)

in the form of an expansion over the eigenfunctions of the problem

ni
sin —x, (47)

l

& X > X)) _ 2 =2 %9
c= 2~——————n(’un 2) cluy, )= 2 cexp| ——
n=1 || X, | 2D

and € is determined from the solution of the first-order nonhomogenecous equation that involves arbitrary volume and
surface radionuclide sources:

- 2 2 - n
%+(1+D(ﬂ) + 2= E=I+2ﬂfﬁ[¢o(f)—(—1) exp(—%)w@)}, (48)

{
- = h
t=0: c=¢y= fgo(x)exp(—ﬂ) sin - xdx ,
0 2D {

integration of which in the general case yields
- ’ an ) ? v2 L~ n ' n vl .
c=exp|—|A+D 71| tapl? f I+ D= Yot )—(—1) exp ~3p Yy (t) | X

0
an )2 VP 49
X exp /1+D(——l—-) +4—5 t dt +¢g (. (49)

The rest seven cases of combinations of the boundary conditions of the first, second, and third kind for
arbitrary initial conditions and given volume (/) and surface (;) radionuclide sources are considered and solved
in [11]. The paper [11] is devoted to the study of convective radionuclide migration upon homogeneous linear
sorption (desorption) in homogeneous and nonhomogeneous porous layers.

Let us consider the case of radionuclide diffusion and equilibrium sorption in bodies with simple geometry.
These problems are solved by means of both the operational calculus and using the bounded integral transforms.
Here we present as an example the solution of just one problem by means of the operational calculus combined
with the methods of the residue theory at a= 1, v=vy, D= Dy, d =4, I, =0, and ¢ = 0 within the layer with the
boundary conditions x=0: c=0; x=Lc=¢,.

The Laplace image of the Eq. (39) is as follows:

2 -
4C_p+ne-vi=o.
dx dx

Dy (50)

The image solution of (50) is
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_ vi(x—=0) c;sh[x (v2 + 4D (p + /1))1/2/2D] (51)
c = exp ,
2D psh [V + 4D @ +A)'"%/2D]
with poles
' 2 2 2
p=0 and pi=—1——v——Dnn. (52)
4D P

Then from the residue theorem we obtain

sh [x 2 + 4D1)'"%/2D] v(x =1
=c ) 172 exp +
sh 1 F + 4D1)' " %/2D] 2D
2¢m x — d - 1" n sin (nx/ 2 2,2
+ exp A ) 2 ( )2 2( 212) expy - /'l—v—+D-n—n~ ty. (53)
r 2D n=l /D + /4D + %21 | 4D P

Let us consider the particular cases of radionuclide diffusion in the presence of volume and surface sources.
In terms of these sources the diffusion equation is as follows:

i‘i—c—-tr-v(x)—(?s=—1;n-v—a—xm})(x)gg-—A(:-i—}'(x,zf), (34)

ot 0x x Ox 0x
where the term dc/df on the left-hand side describes the local variations in concentration, and the term
v(x)(dc/ 9x) describes the convective concentration transfer with rate v(x). The first term on the right-hand side
describes the radionuclide diffusion in volume with the variable diffusion coefficient D(x), and the second term
accounts for the radioactive decay proportional to the half-life A and the concentration ¢ at each point of space at
any time instant #; I(x, ?) is the volume power of external radionuclide sources.
By setting D(x) =0, v(x) =0, and I(x, f) = 0 in this equation, we obtain the following equation:

dc _ (GR)
at = e
integration of which by separation of variables yields
c=cyexp (—A). (56)

This is the common radioactive decay law.

The power of radioactive isotope sources /(x, f) is usually given nsing the expressions corresponding to the
given source. If the usual source is space-uniform and possesses intensity /o and decays with time according to the
radioactive decay law, then ‘

I(x, f)=1Iyexp (—Aj). (57)
In the case of a point source which is placed at the point xy we obtain
I(x, t)=1Iy0 (x— xp) exp (— A;1). (58)

We choose the initial conditions in the following form:

t=0: c(x) =9 (x), (59
and the boundary conditions are chosen in the form of the boundary conditions of the third kind
dc
D)5 +Bm(cs— ) b=c1>(r). (60)

We write the following relationship:
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@ (1) = Py exp (— A1), (61)
to express the surface radionuclide density. The exponential functions can be used for cg(2):

Cg = C5y CXP (—A1). (62)

In the presence of reactions, special equations that describe the kinetics of these phenomena are used for
the surface and volume sources. The ¢ (x) function entering into the initial condition is usually given either as a
constant, e.g., ¢ = ¢, in the case of the uniform distribution of the fallen-out radionuclides, or using certain
functions that approximate the initial concentration distribution over the coordinate; for instance, in the case of
migration into the soil or other capillary bodies the exponential function c(x) = cg exp (—=4Ax), or other such
functions, is frequently used.

The system of linear equations of nonequilibrium sorption can be solved by various methods, for instance,
by the method of Laplace transform, by the method of integral transforms, or by numerical or approximate methods.
The method of separation of variables is inapplicable to the system, as we will show. We take the kinetic and
diffusion equations (22) and (23), and, by excluding a we obtain the third-order equation

2 2 2 3
a—;+ﬂ—a—c+y -a—c+v—a£—DQ—;+lc—-I(x,t) +v—a—C—=D azc —/’1§E+§£. (63)
ot ot at ax ox dxot ax ot ot ot

This equation does not permit separation of variables even at I(x, ¢) = 0.
We will seek the solution of the system of equations (22)-(23) under the initial conditions (24) and the
boundary condition (28). We introduce the Laplace image of the function:

Ny
I
o8

aexp (—ptydt; ¢= [ cexp (- pt)dt;
° (64)

1= TI(x, Hexp(—pHdt; P = {w(t)exp(——pt)dt.
0

Applying the Laplace transform to the equation and the boundary conditions with account for the initial conditions,
we obtain the system of equations

pa— ¢y (x) =pc —va,

62

pe—py () +pa—py () +viE=DSF -t +T (65)
ox 0x
and the boundary conditions
ac -
ac+,uDax +vpc=9.
Then we obtain
2 . — .
d ¢ dce D - - by (x
D—s—v— - p+—ﬁ—+/1 c=go1(x)—1(x,p)+—(Pz—(—). (66)
dx dx p+y p+y
Let us consider the homogeneous equation
2 _ - 2
Di_;_vgg_ pr+BrNp+yd S lc_y. (67)
dx dx p+y

the solution of which we write in the form

547



Chom = €XP Y x ¢; ch \/ +4(p +(9’+/3+}~)P+)0D v _)ﬁ N
2D D(p+7v) p?
+ ¢y sh \/ +4p +@+B+Np+A) 68)
D+
We write the particular solution of the nonhomogeneous equation (66):
- 2 .
= 7 () exp _y@=x )
\/ 4"+ BN A | D
D@p+y) ‘f
2 2
xsn |/ | FAE LGP Vo) 22l gy (69)
D(p+y) D 2

By using Egs. (68) and (69), the relationship ¢ = ¢, + ¢hom, and the boundary condition, we find the constants ¢;
and ¢y

L= dc —
x=0: ac+,uDa—+vpc=¢l,

(70)
- Jc -
x=1: ac——,uDé-;+vpc=ﬂ)'2.
Let us consider the particular example when
I=0, v=0, A=0,
t=0: a=0, c¢=0, 1)
v="b, a=0, u=1
In this case the kinetic and diffusion equations take the form
= fc - ya
2
be,da_pic
or dt ox
t=0: a=0, ¢=0,
(72)
dc dc oc dc
x=1 batﬂ— ax -1 b= Do
and we find the equations for the images
d2 -
pé¢ = —pa+ DL,
dx (73)
pa=fc—-vya
under the condition
— bcy — pbc = —D~—c—, x=1;
’ d (74)
dc
_bCO+pr—D—E’ =~
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By excluding a, we obtain the following equation for ¢:

i§+,u25=0, Lo BPYYEE (75)
dx D p+y
The solution of this equation is as follows:
¢=A;cosux+ B;sinpx. (76)
Substituting the boundary condition, we obtain
c = A cos (ux), (77)
where
A = boo__ .
pb cos (ul) — uD sin (ul)
From this image solution we find the solution of the original in the form {14 ]
oo beg i _ ¢y exp (pyl) . oS (U, x) , (78)
b+ y+1 [ n=1 P By i J)_+ Pn2+_ﬂ_g2bi2 cos (u,))
pnt7 2b 2Dy, 2D,
where u,, p, are the roots of the equations
P poptan Gul)s 2= =2 ”——-———"p:f_jy. (79)
The roots p, are determined graphically:
x =4’ y=%2; £=12 Dﬂ' ; ?7=l%y,
then
b—ly=\/§tan\/§, x=_—};g%§)-. (80)

The coefficients o(x), a(x), and b(x) that enter into the diffusion equation (54) are considered to be given
known quantities in the case of the phenomenological description of the mass transfer processes. They can be
determined either experimentally in special laboratories, or theoretically based on more general approaches to the
description of the matter, for example, on the basis of the kinetic or statistical theory and using the solution of the
so-called inverse problems from the additional experimental information on heat- and mass transfer processes. For
instance, the diffusion coefficient D can in the general case be presented as a complex-structured function of
independent variables, coordinates, and time, and of the initially unknown thermodynamic functions of state,
‘namely, concentration ¢, temperature T, pressure p, etc. The value of the diffusion coefficient depends on the
intrinsic structure of the bodies and media under consideration. In the solid and gaseous states it can take different
values for. different substances, and is usually available from handbooks. In an analogous manner, the other
coefficients can vary in both time and space, and they can also depend on certain quantities and parameters.

In order to determine the velocity v one should solve the diffusion equation simultaneously with the
equations of motion, the energy equation, and other equations describing the heat- and mass transfer processes. If
we restrict our attention to consideration of the sole diffusion equation and the Fick’s law, then the law of velocity
variations should be given, generally, as a function of coordinates and time. The same notion holds also for all the
remaining functions entering into the diffusion equation (54) and the initial (24) and boundary (25)-(28)
conditions. If the coefficients entering into the equation are constant within the entire region under consideration,
then such a medium is referred to as homogeneous one. If the coefficients are varied as piecewise smooth functions,
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then the medium is nonhomogeneous. In the case where these coefficients depend also on the unknown sought
functions, then such media are nonlinear. The nonlinear problems of diffusion and filtration theory are most
complicated and are still poorly investigated, and various exact, approximate, asymptotic, and numerical methods
are used presently in their investigations.

The above-considered operational method of separation of variables is widely used in studies of diffusion
and filtration processes in homogeneous and nonhomogeneous media subject to certain constraints. In order to
apply the Fourier method the equation under consideration and the boundary conditions should permit separation
of variables. When the variables in a given problem are separated, the problem of investigation of the partial
differential equations under the given initial and boundary conditions is reduced to the boundary-value problems
for the ordinary differential equations, and consists in the determination of eigenvalues and eigenfunctions with
the use of which the solution is constructed either as a series in eigenfunctions in the case of a discrete spectrum,
or in the form of integrals over the eigenfunctions in the case of a continuous spectrum.

In certain nonhomogeneous media the material parameters are varied in space or in time in such a manner
that the separation of variables in such equations leads to the well studied special functions. For example, if in Eq.
(54) D(x) = 1, v(x) = 1/x, and A(x) = 0, then this equation is the Bessel equation whose solution is well studied.
Therefore, the main boundary-value problems are easily solved for such media. A series of approximations of the
functional dependence of the parameters of a nonhomogeneous medium leads to other well studied types of
equations. Inasmuch as all the parameters of nonhomogeneous media can be determined experimentally only with
certain errors, the method of approximation of the parameters of nonhomogeneous media can be successfully used
for the solution of a particular problem. In this case one uses approximating functions that can reduce the original
equation with variable coefficients to an equation with structure close to that of the initial equation, but whose
solutions can be obtained much more easily or are already known. Of all the possible equations, those whose
solutions are most adequate to the given problem are chosen. This method is widely used for the approximate
solution of linear and nonlinear ordinary and partial differential equations.

Usually, power, exponential, polynomial, and other functions are widely used for the approximation of
parameters of nonhomogeneous media. However, even in the case of an arbitrary analytical dependence of the
material parameter on coordinates or time, it can always be expanded into a Taylor series in powers of the
argument, since any analytical function is Taylor-expandable:

0
5 .
fFO=aq+tax+ax +. .tax +.=3 ax
n=0

or, in the multidimensional case,
[+ +]

FGay, )= 3 agayd
i,j,k=0

Usually, already several first terms of the series approximate well the properties of the experimentally
determined parameter of the nonhomogeneous medium, and a polynomial can be used instead of the series.

Differential equations for nonhomogeneous media with polynomial approximations include variable
coefficients in polynomial form; certain of the equations are already studied, and others lead to new special
functions.

In the case of the polynomial approximation, Eq. (67) takes the form

2

X
po(x)-——d}2(+p1(x)il——+p2(x)X=0, (81)
dx dx

where the coefficients po(x), pi(x), and py(x) are polynomials of the form
2 k
Po(X)=ag+ ax+ ax + ...+ ax,

py(x) = by + byx + byx” + .+ by, (82)
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m

2
Pp(X)=cyp+tex+cx +.. X

These equations arise when a nonhomogeneous media with polynomial approximations of parameters are studied,
as well as when separating variables in multiple orthogonal coordinate systems, when the polynomial p,(x) depends
on a separation constant that can be related to .

In studies of linear equations of the general form with variable coefficients, the so-called singular points
of the differential equation play an important role; they are such values xg of the argument of the differential
equation of the form (81) in which the functions pg(x), p1(x), and p(x) possess characteristic singularities. If these
functions take finite values in the point x - xg, then the point xp is called usual; otherwise, it is singular. The point
x = xg in which p;(x)/po(x) and p,(x)/po(x) are divergent but (x — xg)p;/pg and (x — x0)2p2/ po remain finite, is
called a regular singular point. The point x = xg is called an irregular point or a significant singularity if
p1(x)/po(x) and py{x)/po(x) diverge faster than 1/(x — xp) and 1/(x — xo)2 at x -» xg, respectively; in this case
xo is assumed to take finite values.

If x » xp = «, then using the substitution

x=1/z (83)
Eq. (81) can be put in the following form:
2
Do 1 z4d—)§-+ 2z3-—z2p1 1 g‘Z(—+p2 1 X=0. (84)
z dz z dz z

If all the coefficients [22° — z%p(1/2)1/ po(1/2)z* and py(1/2)/ po(1/z)z* are finite at the point z = 0, then
the point z =0 is called an ordinary point. If the coefficients diverge, but not faster than 1/z and 1/ z2, respectively,
then the point (z =0, x - ) is called a regular point, otherwise it is an irregular singular point.

For equations with regular singular points Fuchs proved an important theorem and gave methods of
solution; therefore, these equations were named after him. To ensure that the linear differential equation

YH+p ()Y +p(x)y=0 (85)

possesses a fundamental system of solutions yj(x) and y»(x) that can be presented in the vicinity of x = xp in the
form

N ==x) e () y @) =@-x)2p; (%) (86)
or
Yy =¥ (%) [Aln(x—xo) +¢(x)] ,

where ¢;(x), p2(x), and y(x) are single-valued analytical functions that possess not more than one pole at the point
xg, it is necessary and sufficient that pj(x) and py(x) possess poles of not more than first and second orders,
respectively, i.e.,

P (x)=ﬂxﬂ; Py (%) =§—$‘l, 87
where
A(x) = i ax"; B(x)= i bx". (88)
n=0 n=0
Then the equation takes the following form:
Y+ xA (x)y +Bx)y=0. (89)

Let the functions in the form of the generalized power series
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y=xr2 c,x . (90)
satisfy this equation. Here r and ¢, are not yet defined. Accounting for the relationships
xy=x 3 (r+ncyx",
n=0
xzy" =X > (@+n+n-1) s on
n=0
we obtain after substituting (90) and (91) into (89):

D+n)rrn-Dex + 3 (r+n)cx 3 oax + 3 ek D bt =0 (92)
n=0 n=0 n=0 n=0 n=0

or, equating coefficients with similar powers of x:

0 13
20 r+n)(r+n-—-1)c, + 20[(r+m)an_m+bn_m]cm xX'=0. 93)
n= m=

The series (93) will satisfy the equation if

r+n)(r+n—Dc,+ X [r+m)ay_ p+b,_,,lc,=0, (94)
m=0
i.e., the recurrence relationship
n—1
(C+n)+n-1(+nag+byle,= 2, [(r+m)ay,+bym 1. (95)
m=0

is satisfied. ‘
We write several first expressions by equating to zero coefficients with powers of x:

X [r~=Dr+ay+b1c=0,

Al [r+Dr+ag(r+1)+bylc +ayrcg+ bicg=0, (96)
2

Nl [r+2)(+ D) +ay(r+2)+bylcy+ay (r+1)c; + apreg + byey + by = 0.

Since ¢g # 0, then, in order to determine r of the generalized series we obtain the so-called characteristic equation

r(r—1)+ ay + by = 0. O7)

Its roots are

-1 ~1)2
rl,2=—a02 iV((aOZ ) "'bo); (98)

it should be noted that they are equal at ((@p — 1)/ 2)2 = by, different at (ap ~ 1)2/ 4 > by, and imaginary at
(ap — 1)2/ 4 < bp. We assume that Re(ry) = Re(rz). Then the series

= x'1 E cnxn R (99)
n=0

corresponds to the root r; of the determining equation, and the coefficients ¢, are determined from the recurrence

relationship (95).
Two cases should be considered separately for the other root ry:

552



1) S =r; — rp is an integer positive number or zero.
2) § =r; — ry is noninteger.
The latter case is nonsingular and gives the second linearly independent solution in the form

n@ =53 g (100)
n=0

However, the former case is singular. In order to find the second independent solution we will use the formula

V@) =cynx+x23 yx", (101)

n=0
where the coefficients y, are determined after equating to zero multipliers with similar powers of x” in the terms
that do not contain In x as a multiplier.
The general solution of the Eq. (83) is represented by the sum of two linearly independent solutions v
and ys, i.e.,

y=coy (x, a) t ey, (x, a). (102)

The functions y;(x, @) and yy(x, a) are also called fundamental solutions, and with their help solutions of
homogeneous and nonhomogeneous boundary-value problems can be constructed. To do this, we consider the
unified record of the boundary conditions in the form of the so-called generalized fifth boundary-value problem
151

du du
alu+ﬁ1-——) -+ (a2u+/32—) =0,
( 0x } | .—o ox x=a (103)
0 d
(a3u+ﬂ35;—t) o+ (a4u+/34a—i) =0,
x= x=a

where o; and §; are coefficients the choice of which can transform the boundary conditions (103) into the boundary
conditions of the first to the fourth kind.

» Upon separation of variables the boundary-value problem for the function y is transformed into the
following form:

oy (0) + ay (@) + By (0) + By (@ =0,
(104)

a3y (0) + agy (a) + B3y (0) + By (a) =0.
In order to determine the constants ¢; and c; and the separation constant o we will use (102) and (104):
lajeyy + aiegyy + ageyyy + vy, +
+ By + Biogyy + Bacyy + Bacnlx=0 =0,
(105)

|a3cly1 + x3CqY + a4(:2y2 + a4c1y1 +

+ Bzen + Bacwys + Baciyy + Bucayal xea = 0.

The system of homogeneous equations has a solution if its determinant equals zero:

(@ + ey + B + o) @y + ey + B +F)| _ (106)

(azy + agy + By + Byy) (asy, + ay, + Bays + Bay)
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From a consideration of the determinant, a transcendental equation with respect to the unknown parameter
«a is obtained, and, consequently, we find the eigenfunctions y;(x) and y,(x) with the use of which boundary-value
problems of various kinds are solved.

If the parameters of the medium vary periodically in space, than instead of polynomial approximations of
the coefficients, the Fourier series

f(x)= 2 a,cospx+ Y b, sinp,x,

should be used, and then the solution of (54) is reduced to investigation of equations with periodic or quasiperiodic
coefficients, the theory of which is well developed [16]. In the case of nonlinear dependences the solution can be
obtained in exceptional cases [13]. Therefore numerical, approximate, asymptotic, variational, and other methods
play an important role here.

NOTATION

I,,,, mass source of the ith component being adsorbed in the solid dispersed phase; c;, concentration of the
diffusing substance; v, velocity; ¢, time; a, concentration of the radionuclide being adsorbed; f, a certain function
dependent on the interaction law of the adsorbent with the sorbing substance; y, the Henry constant; &, ko, k1, k3,
k3, and n, certain constants; cp, radionuclide concentration at x = 0; ¢; and ¢, given functions of the coordinate
x; ¢, impurity concentration in the atmosphere; w, gravitational impurity sedimentation rate; v, vector of the
gravitational wind velocity; u,, k, vertical and horizontal diffusion coefficients; «, 8, 8, certain coefficients; cq,
radioactive isotope concentration at ¢ = 0; A, half-life; d(x), Dirac’s d-function; B,,, mass transfer coefficient; c;,
surface radionuclide concentration; ®(#), surface density of external radionuclide sources; p(x), coefficients.
Subscripts: ext, external source; b, boundary.
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